
Introduction

Situations involving multiple correlated failure times
frequently arise in medical research. The course of
chronic diseases may, in fact, be characterised by the
possible occurrence of several non-fatal events prior
to death, landmarks in the disease dynamic. The first
event a patient experiences, regardless of whether it is
fatal or not, is often of special interest, as it may be
considered the first evidence of “treatment failure”.
Different kinds of event generally demand different
therapeutic strategies and it is important to estimate
the probability of their occurrence. In this situation,
characterised by the presence of events competing

with each other in inducing failure, reference is made
to competing risks.  
As a simple example, competing risks arise in analy-
ses of mortality in a given population, when attention
is focused on distinguishing between different caus-
es of death (e.g. cardiovascular disease, tumour-re-
lated, or others). Generally, the causes of failure
might be thought as mutually exclusive, as they com-
pete with each other to be observed.
When aiming to establish how the incidence of each
event contributes to determining mortality or the fail-
ure pattern, interest focuses on the occurrence of a
specific event as the first event, and here the quantity
of interest is the crude cumulative incidence (CCI). 
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Summary
In clinical studies multiple failure times are often of interest. Different events can be thought as “competing” with each
other in inducing the first failure (competing risks). It may be that the outcome of interest is the time of occurrence of a
specific, clinically important, event; thus the occurrence of other fatal and non-fatal events, precluding its observation, acts
as a “nuisance”. 
In practice it is almost never possible to observe the whole event history, and nor it is possible to observe each single event
in isolation. The occurrence of a specific event in a follow-up setting cannot be reduced to a standard survival context,
without a strong and unrealistic working assumption of independence between events. The marginal survival distribution
cannot be estimated using a standard technique. 
A strategy based on a possible generalisation of the best known non-parametric estimators, accounting for the simultane-
ous action of competing events and independent censoring, is proposed. A recent approach based on the concept of semi-
competing risks (Fine et al., 2001) is introduced. An application of the proposed methodology to a real dataset of 2233
breast cancer patients submitted to conservative surgery is also shown, focusing on the estimate of distant metastasis dis-
ease-free survival.
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However, it may be that different events are not of
equal importance: were the aim to evaluate therapeu-
tic strategies targeted at preventing the occurrence of
a specific event, then the time to that event would be
relevant, in the absence of the confounding (nui-
sance) influence of other events, whether or not it
was the first event occurring. In this case, specific
event survival is, the quantity of interest. 
In the presence of competing risks, it is usual to in-
terpret marginal distribution as net survival, as in a
hypothetical setting in which other causes of failure,
or some of them, are no longer acting (2). However,
the interpretation of marginal distribution is still de-
bated in situations in which it is meaningful to refer
to events potentially occurring as second or even as
subsequent events. In this case, it would be prefer-
able to attempt to study failure time to a specific
event, without ascribing it any special “physical”
meaning. 
An example may be useful in order to illustrate the
difference between a classic competing risk ap-
proach based on observable quantity (e.g. the CCI)
and those based on estimation of marginal survival
distribution. When studying the progression of HIV
infection, primary AIDS diagnoses and subsequent
deaths are of primary concern. If the interest is in the
incidence of new AIDS cases in a population, for the
purpose of allocating resources for treatments and
hospitalisation, AIDS diagnoses are the primary end-
point. The focus of interest is, therefore, the subjects
currently under observation, and the CCI is the ap-
propriate quantity to investigate. The situation differs
with regard to the distribution of the clinical incuba-
tion period, which extends from seroconversion to
the presentation of different categories of AIDS diag-
nosis (e.g. Kaposi sarcoma, Pneumocystiis carinii);
HIV-infected individuals may present secondary and
additional AIDS-defining conditions. In this context,
given the different therapeutic approaches, it would
be relevant to assess the marginal probabilities of
each event. When aiming to study the temporal trend
according to different conditions, the marginal inci-
dence and the corresponding hazard function would
be the reliable quantity of interest; see (4). 
Even when competing risks can be supposed to be
independent, CCI and marginal, rather than net sur-
vival, may respond functionally to different aims in
surveys. 

Most importantly the marginal distribution of a non-
fatal event is not estimable non-parametrically on the
basis of competing risks data – the “non-identifiabil-
ity aspect”, (5) – nor on the basis of a partially ob-
served event history. Unless the unverifiable as-
sumption that the risks are independent is accepted,
proxy knowledge of the joint survival distribution or
at least of the association among events is required.
In the biomedical setting, physiological and bio-
chemical conditions make independence among fail-
ure times in the same subject, in most situations, un-
realistic. Nonetheless, in the clinical literature the
Kaplan-Meier method, censoring the events other
than the event of interest, thus presuming “censoring
processes” to be independent and non informative, is
still commonly used. This procedure generally re-
sults in a biased estimate of the marginal survival
curve: the bias is not consistent in its sign and in-
creases as censoring due to competing events in-
creases. Classical approaches based on the use of es-
timable quantities, such as the CCI, are thus pre-
ferred. The above procedure is often induced by the
lack of a correct framing of the statistical methods in
response to the clinical problem. Historical ap-
proaches identify bounds, i.e. an upper and a lower
estimate based on estimable quantities, in the attempt
to delimit the portion of the plane in which the mar-
ginal curve would lie. To date, no exhaustive work
has been done and the results, from a practical point
of view, are unsatisfactory. Approaches that have
been proposed (6-8) deal with mutually exclusive
events, as though censoring due to competing events
were the only process acting, thereby disregarding
independent censoring, i.e. administrative conclu-
sions and losses to follow up. Throughout common
practice, it would be naive to think that dependent
and independent censoring processes do not act
jointly. If a more general setting is considered, such
as that of longitudinal follow-up data,  it is clear that
patients may experience more than one type of fail-
ure before death. Koscielny and Themes (14) illus-
trate the usefulness of additional information in im-
proving estimates of bounding.
The aim of this work is to present a non-parametric
procedure to estimate the marginal survival distribu-
tion in the presence of both correlated events and in-
dependent censoring. In the context of a critical re-
view of the possible interpretation and usefulness of
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the marginal survival distribution (6,7), a possible
methodology is proposed, as a simple generalisation
of the said proposals for bounding net survival. In
addition, our approach is adjusted with suggestions
on how to estimate dependence between the events
of interest.
Finally, semi-competing risks – a variation of com-
peting risks referring to a situation in which a termi-
nal event may censor a non-fatal one, but not vice
versa – together with an estimation procedure, which
accounts explicitly for the event history information
when available, are briefly introduced. This setting
makes it possible to accommodate both mortality and
informative dropout: the data are often a mixture of
the two scenarios. Semi-competing risks analysis
constitutes, in our view, a valid and proper approach
in situations in which results based on classical com-
peting risks may be misleading and, in general, un-
satisfactory.

Motivation

The present work, like others by the same authors,
was conducted in order to investigate treatment ef-
fect in early breast cancer patients. 
Although surgical and radiation therapies have
steadily improved survival, breast cancer is still one
of leading causes of cancer-related mortality for
women in the western population. Heterogeneous
outcomes are observed in the prognoses of many pa-
tients.

Breast conservative surgery, which may or may not
be followed by adjuvant therapy, has become the
preferred treatment for early breast cancer, aiming
to prevent further dissemination of the neoplasm. It
is often preferred to more aggressive treatment, giv-
en that the observed differences in overall survival
are non significant (9). Conservative surgery, how-
ever, may be an inadequate local treatment, expos-
ing the patient to a higher risk of ipsilateral tumours
and local relapse, commonly grouped under the
heading “intra-breast tumour recurrences” (IBTRs).
IBTRs, on their own, are not considered severe neo-
plastic events, rather an added source of discomfort
for the patient, who may require further mastecto-
my. Distant metastases (DMs) involving other
anatomical sites are, instead, serious life-threaten-
ing events; they may appear in vital organs, and be
highly predictive of death. Patients may also expe-
rience, during follow up, a second contralateral car-
cinoma (CC) or another non-mammary primary tu-
mour (OP), prior to death. The breast cancer dy-
namic following conservative surgery is illustrated
in Figure 1. 
Although, in clinical trials, study protocols provide
accurate information and events are recorded for
each subject, it is often preferred, as an established
practice to reduce such data in a competing risks
framework, ignoring the occurrence of non-fatal and
fatal events. 
It is likely that the occurrence of one event may alter
the risk of subsequent ones and we therefore feel that
when each patient’s event history is recorded all the

Figure 1. Breast cancer dynamic following conservative surgery.
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available information on the follow up should be tak-
en into account.
In the next section, competing risks and multiple fail-
ure times data are introduced under a unified frame-
work. We enter main quantities of interest: their in-
terpretation and estimation procedure. We focus on
the marginal survival distribution; available ap-
proaches are reviewed, together with their current
limits. A suitable methodology is then proposed. Fi-
nally, an application to a real dataset of breast cancer
patients is shown. The article ends with a general
conclusion and a few thoughts on future develop-
ments.

Materials and Methods

Basic notation and methodological background

Since a subject is believed to be at risk of developing
each single event at a certain time point, it is usual to
have recourse to a multivariate representation. Let us
consider T = (T1,...Tr,...TR) to be a vector of failure
times, with multivariate survival distribution ST (t) =
P (T1 > t1;...Tr > tr;...TR > tR) This vector refers to a
subset of non fatal, and generally unordered, events,
and a final, terminal one. The treatment failure, the
first failure to occur, can be described through a cou-
ple of random variables, r.v., (Tf;ρ), where Tf = min
(T1,...Tr,...TR) is the failure time and ρ = arg (Tf) des-
ignates the failure event type.
Define the net or marginal survival distribution as: 

STr (t) = P (Tr > t) [1]

In accordance with the motivation, i.e. to evaluate
the true benefits and safety profile of conservative
surgery for early breast cancer patients, the occur-
rence of DM is the main endpoint and the time to this
event may be referred to as T1. The occurrence of a
local failure (IBTR), at time T2, may well precede the
occurrence of a DM without precluding its detection.
Death may well occur at any time and this time will
be T3. In view of the objectives of the present work,
the marginal distribution of DM is the most appropri-
ate quantity to investigate.
Other functions are of interest in a competing risks
setting. Define the CCI function as: 

[2]

which represents the probability of failure by time t,
due to the specific event of interest, i.e. DM in any
site, when it is the first event observed and the other
types of event are also considered. 
Many authors have attempted to render CCI as a
“marginal” probability: note that it is not a true “mar-
ginal” in the sense given earlier, and it is likely to be
biased when the marginal distribution is the issue of
interest. It is interesting that, in estimating the func-
tion [2], no special assumption is required on the in-
formative “nature” of the relationship between
events. 
Define, finally, the “treatment failure” time distribu-
tion, also named disease-free survival, as 

i.e. the probability of being alive at time t without
any adverse event.
In the following, and without loss of generality, we
consider only two correlated failure times Tr and TR,
the latter referring to the occurrence of a “terminal”
event. In the attempt to refer to a more comprehen-
sive pattern, a right censoring time, TC, independent
of both of them, is introduced. We refer explicitly to
a univariate and equal censoring time, consistently
with the setting introduced, where it would appear
difficult to contemplate a multivariate vector of cen-
soring times. In general, the last observation time
corresponds to the minimum between the time to the
“terminal” event, if observed, and TC, T = min
(TR,TC); δ = I (TR < TR); would provide the “death” in-
dicator. Given a sample of N subjects, then, the ob-
served data consists of N replicates of {(Tri,Ti,δi,ηi); 
i = 1,2,···,N}, where the additional ηi = I (Tri < T) is
an event indicator for subject i. 
Let 0 < t1 < t2 < ··· < tj < t ··· < tR be the ordered failure
times for any type, observed in N subjects; denote,
also, by drj the number of subjects failed for the event
of interest in time tj and by nj the number of subjects
at risk just before the same time point. 
A consistent estimator of the CCI in [2] can be ob-
tained by: 

[3]

regardless of the assumption of independence among
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failure types. Here, the specific risk of failure for the
event r is properly “adjusted” for the probability of

being at risk at each time point:   

provides the Kaplan-Meier estimate for disease-free
survival ŜTf

(t – 1). In the absence of censoring, the
proposed estimator comes down simply to the pro-
portion of those, among all the subjects, who have
failed for the event of interest. 
A “naïve”, widely used estimator of marginal sur-
vival distribution is the Kaplan-Meier estimator for
the event of interest: 

[4]

In [4], the usual convention is adopted whereby fail-
ures due to competing events, as well as censored ob-
servations, are removed from the set of patients at
risk, in such a way that both are supposed to have the
same risk of undergoing the event as those alive and
under observation. Under the assumption of inde-
pendence between failure times, [4] becomes an as-
ymptotically unbiased estimator (18, 20).
The assumption of independence is completely
untestable on the basis of competing risks data and
rather questionable, at least in biomedical applica-
tions. The same non-identifiability aspect is trans-
posed to the multivariate setting. Independence can
be justified only on a priori subjective grounds, or as
a convenient singling out of a distribution that can
give rise to (T

f
;ρ) . 

Peterson in (10) identified natural empirical bounds
for the marginal survival function, delimiting a re-
gion in the plane that contains the estimate of the
“true” marginal distribution: 

[5]

where {Sr(t) + [1 – πr]} = S*
r (t) is really just the 1–

CCI, in [2]. Obviously S*
r (t) is not a proper survival

function. These empirical bounds, although easily
computable, are not very useful in general, because
they are quite broad; the stronger the action of the
competing events, the wider they become. In gener-
al, they are useful for showing how one might be
misled, at worst, into erroneously assuming inde-
pendence. The results in [5] can easily be proved via
heuristic considerations, and their meaning can be in-
tuited as corresponding to the extreme dependence
pattern (11). 

Estimating the marginal survival distribution

To estimate the marginal survival distribution in com-
peting risks settings, the main proposals reported in the
literature have focused on improving the bounds pro-
posed by Peterson, identifying a proper dependence
measure, as well as an association structure, like a cop-
ula, among events, which makes the marginal survival
distribution identifiable. However, these proposals
seem to be of little pertinence to many researchers, and
only a few remarks are found in the clinical and
methodological literature. It is, in any case, a fact that
bounding, on its own, is poorly informative.
In the context of these main proposals, the authors
assumed that they would observe either of two de-
pendent and mutually exclusive events, in accor-
dance with the aforementioned notation T

r
and T

R
: in

this context (studying breast cancer dynamic follow-
ing conservative surgery), these refer to the time of
occurrence of DM and of death, respectively. In this
situation, Slud and Rubinstein, by defining a time de-
pendence measure between failure times, achieved a
“consistent” generalised Kaplan-Meier estimator for
the marginal survival function. This dependence
measure was given by the ratio of the conditional
hazard of failure for the event of interest r according
to whether an individual had previously been “cen-
sored” due to the occurrence of the competing event
R, or was free from any events: 

[6]

Through recourse to an alternative analytical formu-
lation and a little mathematics, the marginal survival
distribution results in a closed-form equation. Slud
and Rubinstein give for their empirical estimator, in
the absence of independent censoring, two equiva-
lent formulations. Based on empirical considerations
their estimator has a quite simple interpretation. The
estimate of the marginal survival distribution may be
obtained by adding to the overall survival distribu-
tion (Peterson’s lower bound) an amount correspon-
ding to the increasing potential contribution of the
previously dependent censored observation, surviv-
ing beyond time t, and estimated by the means of the
authors’ non-parametric assumption. When inde-
pendence is assumed, the Slud and Rubinstein esti-
mator reverts to a usual Kaplan-Meier estimator.
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Klein and Moeschberger proposed an alternative ap-
proach beginning from slightly different informa-
tion. They claim to model the dependence between
the outcomes of interest – in our example, DM and
death – through the Clayton Oakes copula, defined
by: 

[7]

where the parameter θ > 1 allows for non-negative
dependence between failure times. The gamma
frailty model is often chosen for its computational
tractability, and because the dependence parameter is
intuitively and clinically meaningful and helpful in
medical decision making. Parameter θ is simply in-
terpretable as a predictive hazard ratio, which is con-
stant over time and represents the conditional ratio
between the hazard function of failure at time tr, giv-
en that the individual is censored at time tR (i.e. P(tr

< Tr ≤ tr + Δt⎢Tr > tr; TR = tR)), or later than tR (i.e. P(tr

< Tr ≤ tr + Δt⎢Tr > tr; TR ≥ tR)): this implies that the
hazard rate for the event of interest, after competing
events occur, is accelerated by a factor θ. When θ =
1, independence is reached.  
In general, θ = (1 + τK) / (1 – τK); so that Kendall’s
tau coefficient is: τK = (θ – 1) / (θ + 1). 
Now, if the CCI, in [2], for the event of interest is ob-
tained – this is done by differentiating it – and if as-
sociated differential equation for STr (t) is solved, a
natural expression for the marginal survival distribu-
tion is given. For θ = 1, when failure times are inde-
pendent, the estimator becomes a cumulative hazard
rate estimator, as proposed by Nelson Aelen for ran-
domly censored data. More details are given in the
appendix.

Proposed Methodology

In the approaches reviewed, only dependent censor-
ing due to the action of competing events is explicit-
ly considered; however, clinical studies are often
characterised by long follow-up times and by large
proportions of patients alive at the closing date, or of
losses to follow up. A rough solution has been pre-
sented, in which administrative censoring is dealt
with in the same way as dependent censoring. How-
ever, these two situations show important differ-

ences. An example may be helpful to illustrate these.
In studying cancer-specific mortality among patients
with a smoking history there emerges a higher mor-
tality from cardiovascular diseases than among non-
smoking ones. In estimating marginal cancer-specif-
ic survival, however, if no stratification with respect
to smoking attitude is applied, the censoring pattern
due to mortality for cardiovascular disease may well
be different between smoking and non-smoking pa-
tients and informative censoring is introduced, thus
the survival curves obtained will produce a biased
estimate. In a population in which competing risks
are not operating, the “potential” failure time would
be observed, and thus is not entirely hypothetical. 
Considering the original expression of both the esti-
mators previously introduced, all the quantities in-
volved are consistently estimable in the presence of
independent censoring. The plug-in of the correspon-
ding estimators, allows, in the simplest way, to ac-
count for independent censoring. 
The second problem, encountered in efforts to render
the proposed modified estimator more appealing, is
related to estimating association. A recommended
solution, perhaps the only feasible one, in a “classi-
cal” competing risks setting is to assign two possible
values for the association parameter, in order to draw
estimation bounds based on a priori knowledge of
the experimental setting. It has to be noted, however,
that clinicians – the researchers most involved – are
usually unfamiliar with association measures, and it
is therefore quite hard for them to give a subjective
judgment. 
In the Klein and Moeschberger estimator, parameter
θ can be estimated resorting to its relation with
Kendall’s tau. In a longitudinal data framework, it is
possible to take into consideration partial informa-
tion on the event history. Complete information is
available when two events are both observed (when
DM occurred before death), or when only the termi-
nal event is censored, otherwise the information
available is only partial (incomparable pairs). This
makes it necessary to resort to the proposed
Kendall’s tau estimator, in the presence of censoring.
A brief review and a recent proposal can be found in
(12). One of the best performing estimators was the
one proposed by Brown et al. (1979) and also pre-
sented in (12): these authors proposed assigning, on-
ly to incomparable pairs, a proper score which utilis-
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es the Kaplan-Meier estimates of marginal survival
distribution.
In the Slud and Rubinstein formula, the question of
dependence might be addressed using the “hazard ra-
tio”: a proportional hazard model could be fitted us-
ing a time-dependent covariate for the time of occur-
rence of the competing event; however, this can be
rather difficult for practitioners to interpret. A valid
alternative and possible solution is to resort to a
“self-consistent procedure”. The idea is to identify a
constant value in time as the initial estimate for ρ (·),
and to obtain a proximal estimate for Ŝρ

Tr (t), subse-
quently reiterating the process, using the formula [9]
until the estimated marginal survival function reach-
es convergence.

Semi-competing risks

In this paragraph, we look at some early and impor-
tant results of the analysis of semi-competing risks,
without, however, extending our discussion to details
of more recent, upcoming research. 
A straightforward example is that of breast cancer
dynamics. Intrinsic ordering is imposed for events
like DMs in vital organs and death. DMs occurring
secondarily to other tumours are of little interest;
they should be disregarded as an events of interest
and the observation should be stopped upon the oc-
currence of OPs.  
The authors assume a dependence structure, the same
gamma frailty model shown in [7], on the upper
wedge, Tr ≤ TR, where data are observable, leaving
the model on the lower wedge completely unspeci-
fied. In the new framework, not only the overall sur-
vival function STf (t), but also the marginal survival
distribution of the terminal event STR (tR) can be cor-
rectly estimated on the basis of observed data, as it is
subjected only to independent censoring. 
Resorting to the overall survival relation, marginal
survival distribution of the non-terminal event may
simply be obtained by difference. 
It comes out as: 

[8]

It may well be that the proposed estimator results in
a non-monotone function, notably on the tail, due to
the action of independent censoring. It was modified

in order to accept ŜTr (s) if this satisfies the monoton-
ic constraint, otherwise it carries forward the small-
est value of ŜTr (s) for each interval in which s ≤ t. 
Here, the parameter θ no longer shows the same re-
lation with Kendall’s tau and this forced the authors
to define a closed-form estimator for it (1). In accor-
dance with the spirit of the model, they propose esti-
mating it like a concordance estimator, relying only
on comparable pairs; potentially it can be adjusted by
means of an appropriate weight function, so that cen-
soring observations can contribute and also so as not
to attribute excessive weight to pairs whose risk set
is too small. A good choice may be to weight each
pair exactly by the inverse of its risk set. 
The authors give the expression for the variance es-
timate of the association parameter, as well as the as-
ymptotic properties of the survival function estima-
tor.

A real case study example

The dataset

The present study includes 2233 consecutive early
breast cancer patients hospitalised at the National
Cancer Institute in Milan between October 1970 and
December 1987 and treated with conservative sur-
gery. All patients underwent quadrantectomy – re-
moval of a substantial portion of the quadrant con-
taining the tumour by means of a radial incision that
includes a portion of the skin – with axillary lymph
node dissection followed by radiotherapy (QUART). 
For a detailed description of the dataset, including
the demographic, clinical and pathological character-
istics of the patients, see (13). The patients were fol-
lowed up regularly for about 12/13 years, neoplastic
events (date and type) were recorded, as was date of
death. A median follow-up time of about 8.5 years
was calculated.
In all, 744 “first” neoplastic events were observed:
151 IBTRs, 414 DMs, 179 other primary tumours
(this category including CCs and OPs). A total of 39
patients died without any evidence of breast cancer re-
currence. Also 73 “second” events were recorded: 57
DMs (following an IBTR) and 16 OPs. Finally, 384
patients died following one or more adverse events. 
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The main objective of the present analysis was to
monitor the possible occurrence of DMs in any site.
In order to evaluate more efficiently the marginal
survival distribution, we decided to follow the “com-
monsense approach” suggested in (14), and to ignore
the occurrence of an IBTR when it preceded the
event of interest, as an IBTR does not preclude the
observation and evaluation of subsequent DMs. This
approach makes it possible to account for an in-
creased number of events and to investigate the de-
pendence measure properly. Many authors have crit-
icised this approach, for a discussion see (15, 16),
whose authors discussed, in fact, two sources of po-
tential bias:
• Administration of additional therapy;
• Reduced vigilance towards the event of interest.
In our opinion, the second aspect, in particular, does
not correspond to usual clinical practice. A local re-
currence may be a sign of a tumour’s aggressiveness
and thus of  its capacity to recur in any site. Accord-
ingly, a patient experiencing an IBTR, being sup-
posed to be at higher risk of further adverse events,
would rarely receive less attention in their follow up.
Competing events were defined by the occurrence of
death as well as the occurrence of a second CC or of
an OP. These events are, on their own, of little inter-
est; they imply informative dropout, making subse-
quent DMs no longer interpretable as treatment fail-
ures. The long follow-up data available make it pos-
sible to calculate the semi-competing risks estimator. 

Results

Competing risks analysis

The disease-free survival estimate, considering the
first event (among DM, CC, OP and death), provides
a suitable estimate of Peterson’s lower bound, while
1– CCI provides Peterson’s upper bound, see Fig. 2.
These bounds currently correspond to the extremes,
minimal and maximal, of the dependence structure
between failure times: if the first event occurring im-
plies that other events will follow very shortly after,
the lower bound is reached; on the contrary, if the
first event means that the others will never occur,
then the upper bound is reached. It is thus possible to

see how one might be misled, at worst, into erro-
neously assuming independence. As expected, origi-
nal bounding on estimable quantities provides very
weak information in relation to the true marginal sur-
vival distribution. From this example, even though
the event of interest has a dominant incidence (471
vs 228) over the other events, making the CCI for the
event of concern much lower than the overall inci-
dence, the bounding emerges as quite wide. It has to
be pointed out that these bounds do not depend on
the sample size: they are not confidence bounds.
Each curve falling into the bounds is, in some sense,
a good estimate of the marginal distribution, as the
biased Kaplan-Meier is, and would have its own con-
fidence limit, and the union of those confidence lim-
its would produce even wider bounds. 
The available information on the partially observed
event history allows us to gain a proxy knowledge of
the dependence between the failure times. The esti-
mation procedure for Kendall’s tau under censoring,
between time to DM and time to death, provides a
rough value τ̂K = 0.25. Thus, in estimating marginal
survival distribution using the estimator proposed in
[15], we use the corresponding value of the predic-
tive hazard ratio for the Clayton Oakes model, which
was θ̂ = 0.6685. The same value was used as the first
estimate for the dynamic dependence measure de-
fined by Slud and Rubinstein, for the modified esti-
mator in [12]. Both estimates for marginal survival
distribution, shown in Fig. 3, overlap the biased Ka-

Figure 2. Peterson bounding for distant metastases disease-
free survival - Solid lines -; dashed line: Kaplan-Meier  bi-
ased estimate.
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plan-Meier: after 12 years of follow up the estimates
result in respectively KMŜTDM (t) = 0.7344 and BŜTDM (t)
= 0.7430, suggesting very weak association between
these event times. This may indicate that using the
Kaplan-Meier biased estimate produces a small bias
in this case. 
However, it should be noted that in this study the
Kendall’s tau coefficient is not a proper dependence
measure because of the constraint TDM ≤ TOther in
defining failure times; more suitable concordance in-
dexes for the association measure would need to be
considered.

Semi-competing risks analysis

In attempting to account explicitly for the informa-
tion available on the event history and the natural or-
dering of the events, instead of relying only on the
first failure, this application makes it possible to con-
struct the semi-competing risks estimates for the
marginal survival distribution of DM. 
The weighted concordance index results in θ̂W = 13.5;
also the unweighted concordance index was calculat-
ed, and gave a quite similar value of θ̂UW = 13.5: this
is not surprising given the large number of patients
still at risk.
Figure 4 shows the estimate obtained by using Fine’s
method. The improvement that can be achieved in
the estimate, when a suitable structure is specified
and a proper association measure is used, is evident.

The corresponding curve suggests a much stronger
dependence between failure times: after only two
years of follow up, the semi-competing risks esti-
mate starts to decline with respect to the biased one
and the discrepancy between them becomes much
more appreciable: within five years (60 months) the
estimates result in SCRŜTDM (t) = 0.8173 and BŜTDM (t) =
0.8452; later, at 12 years, the difference increases to
SCRŜTDM (t) = 0.6508 vs BŜTDM (t) = 0.7430. This result
reinforces the idea that occurrence of DM is always
a serious, life-threatening event, and may be highly
predictive of death. 
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Figure 3. Estimates of distant metastasis disease-free survival. Klein-Moeschberger (left panel), Slud-Rubinstein (right
panel) in comparison with the “naive” Kaplan-Meier estimate

Figure 4. Semi-competing risks estimate of time to distant
metastasis distribution.
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Conclusion and discussion

To deal with multiple dependent failure times, differ-
ent statistical methodologies have been developed,
each one addressing a specific endpoint of interest.
Other than in the univariate survival setting, there is
no standardised approach, and often there is much
confusion and some lack of agreement as to the prop-
er statistical procedure to adopt. A careful definition
of the clinical endpoint according to the study aims
is the essential starting point, and this is not a simple
matter. When different events are not of equal impor-
tance, the outcome measure of concern may be the
time of occurrence of a specific event. 
This issue is bound up with the estimate of the mar-
ginal, or net, distribution of treatment failure, in the
presence of correlated events or competing risks. Its
interpretation is not clear and is currently debated;
indeed, because of this many statisticians have advo-
cated the use only of observable crude functions in
analysis of competing risks. 
In the present work, the authors probed, in depth, the
issue of the definition of the clinical endpoint of in-
terest and the most appropriate corresponding
methodology. They then went on to tackle the prob-
lem of estimating marginal survival distribution in
the presence of competing events. Many proposals
have been advanced in the literature. We investigat-
ed the ones that seem most suited to a clinical setting,
given their basic assumption, and we proposed a gen-
eralisation to make them actually usable.
The performances of the proposed estimators were
studied in preliminary simulation studies. Dependent
failure times were generated from the copula model
discussed in the methods, and also from a different
Archimedean copula. These studies were mainly in-
tended to evaluate the behaviour of the estimators
under different amounts of both dependent, i.e. com-
peting events, and independent censoring, by means
of the association parameter, allowing it to take on
different values, and by varying the shape and the
scale parameter of the marginal distributions in-
volved. Different percentages of independent censor-
ing were obtained by an exponential distribution
with different parameters. When the correct model
was specified, the estimators showed a very good
performance: the main difficulties in reproducing the
true marginal distribution were due to the increased

probability of the competing events. Under misspec-
ification of the model, it appears to be much more
difficult to fit the true marginal distribution, especial-
ly in the very short term. 
Further studies may be conducted to compare the
modified estimator with the non-parametric method
originally proposed, managing any mixture of de-
pendent and independent censoring in a similar way. 
Additional work in different areas is needed, and fur-
ther research is also encouraged. At the moment, the
main unsolved question and open issues concern the
assessment of the overall adequacy of the model, and
of the dependence structure, with reference in partic-
ular to the use of copula. From this perspective, the
more recent field of semi-competing risks seems
promising: the use of Archimedean copulas is ap-
pealing on account of their nice interpretation in
terms of frailty models – albeit not always justified –
and their mathematical tractability. On the basis of
their experience, the authors recommend using all
the information available on the event history and al-
ways resorting to the better approach of semi-com-
peting risks in the presence of an ordered sequence
of events. In the results presented, the advantage of
the last approach was evident. A fully parametric ap-
proach, too, would be feasible and could be taken in-
to account, even though it is not without its draw-
backs. An alternative and surely more advantageous
approach – given that fewer untestable assumptions
are required –  is that of the multi-state model, which
in recent years has been investigated much more ex-
tensively thanks to recent software developments. 
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Appendix ─ More Details on the Slud-Rubinstein and
Klein-Moeschberger Estimators

The dynamic dependence function reported in [6] can al-
ternatively be written as: 

[9]

Furthermore, ρ (t) = a if independence is assumed. 
Slud and Rubinstein derived their estimator by solving the
differential equation with respect to STr (t), and imposing a
boundary condition with STr (0) = 1: a closed-form expres-
sion is thus found: 

The final estimator then results in: 

[11]

where ck is the number of subjects failed for competing
events observed between tk and tk+1, n (t) is the number of
subjects at risk in t and dr (t) is the number of events of in-
terest up to time t. 
The authors of the present work obtained the following for-
mulas for their adjusted Slud-Rubinstein estimator directly
from equation 10 by having recourse to a plug-in of the
corresponding estimators of involved quantities: 

[12]

The Klein-Moeschberger estimate for the marginal sur-
vival is given as: 

[13]

An “original” expression for the estimator, in the absence
of independent censoring is thus: 

[14]

An alternative formulation for Klein-Moeschberger, which
the current authors proposed in order to take into account
independent censoring, is the following: 

[15]

where f̂r (·) is, clearly, obtained by differentiating the cor-
responding crude cumulative incidence function, reported
in [2], as: f̂r (t) = F̂r (t) – F̂r (t–).
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© C
IC

 E
DIZIO

NI IN
TERNAZIO

NALI



© C
IC

 E
DIZIO

NI IN
TERNAZIO

NALI




